The paper presents a proposal for determining the Strut-and-Tie models of reinforced concrete plane members using the discrete topology optimization, which involves the truss system for calculation of the stress-strain state of a real member. Strut-and-Tie model can be used for the analysis of both a single part and the entire member, and is particularly suitable for application in cases where an abrupt change of static values and geometrical properties of the member occurs. Based on the presented proposal, the program "ST method" is developed and can automatically determine the final shape of the Strutand-Tie model, stress control of the model elements and the required amount of reinforcement. Moreover, the reinforcement amount optimization of the Strut-and-Tie models is presented in the paper.
Introduction
The Strut-and-Tie method has been undergoing its development process for more than a hundred years with pioneers Hennebique, Ritter and Mörsch, along with many other researchers including Schlaich, Vecchio, Reineck, Muttoni, Kuchma etc. The method is introduced in the Canadian Standards Associations (CSA) and LRDF AASHTO Bridge Design Specifications [1] , American Standard ACI 318 [2] , Europen Standards [3] , [4] and EN 1992 [5] , etc. The main purpose of the Strut-and-Tie method is the accurate and fast analysis of the stressstrain state of an element in the cases where application of conventional analysis methods is very complex and impractical. Also, optimization has an important application in streamlining design to minimise material consumption while providing the capacity, stability and usability. The need for this analysis occurs in either a part or the entire member, and is particularly suitable for applying in an abrupt change of static values and/or geometrical properties of the member. Typical examples of the members where this approach can be successfully applied for the analysis and dimensioning are: a single foundation, pile cap, stiffening cross sections diaphragm, wall members with and without holes, abutment shear wall of bridges, places with sudden changes of crosssectional geometry (for example, sudden reduction in cross section at the end of the member), places where large concentrated loads are applied (cable pylon anchoring zone in cable-stayed bridges), boards relying on posts (trouble with breaking the column through the plate), short elements, etc.
Technical theory of bending covers the dimensioning of reinforced concrete members in the cases when all the static values of the element lengthwise axis change gradually the so-called B-regions or, according to the Bernoulli hypothesis, the linear strain distribution in the section. In the cases of discontinuity of the so-called Dregions that occur in the places of abrupt changes of static values and/or geometry of the member, the common analysis and dimensioning cannot be used (see Fig. 1 ), [6] and [7] . These regions are practically solved by relying upon structural engineering experience and recommendations, which can result in poorly-designed and performed construction details that affect the quality of the whole structure. As a result, a need arises for Dregions to be analyzed using a simple and rational model, with the Strut-and-Tie method being one of these, providing an insight into the real behavior of reinforced concrete elements, their parts or the whole.
The positions of B and D regions are determined by St. Venant's rules. This means that the local stress field disturbance, affected by the concentrated force, the proximity to the support or abrupt changes in the geometry, is lost in a distance approximately equal to the height of the element. Optimization of reinforced concrete members can be made according to their topology and geometry [8] . The design concept of this kind of optimization is based on the discrete and continuum optimization. Discrete optimization involves modeling of a member with the finite element system, whereas continuum optimization takes into account the member as a continuum. This paper presents a proposal for determining the Strut-and-Tie models of reinforced concrete plane members using the discrete topology optimization which involves the truss system for calculation of the stressstrain state of the real member. The program "ST method", which can automatically determine the final shape of the Strut-and-Tie model, the stress control of the model elements and the required amount of reinforcement, has thus been developed. The reinforcement amount optimization of the Strut-and-Tie models is presented.
The proposal method for determining Strut-and-Tie model
General concept of determining the optimal design form of the initial configuration of a system involves exclusion of certain parts of a member from the load transfer, based on predetermined parameters (stress, stiffness, etc.). There are discrete and continuum optimizations. Discrete optimization replaces the whole member with a finite number of elements, while continuum optimization works with specially arranged material that is difficult to present with the finite geometric characteristics [8] , [9] and [10] .
By discrete topology optimization, a member can be modeled with the truss system, such as Strut-and-Tie model. An example of optimized reinforced concrete member is shown in Fig. 5 .
The program "ST method" has been developed for the application of discrete topology optimization, with the ability to analyze an RC member in the plane. During the development of the program, the removal of the individual elements of the truss system, whose participation in the load transfer during iterations are no longer important for determining the Strut-and-Tie model, was automatically attempted. This approach resulted in the possible occurrence of system instability that was present at the time of the removal of a single truss element. In order to maintain the stability of the system during the iteration, achieving at the same time force redistribution in the elements, the correction procedure of cross-sections area was applied. It was based on the character of axial forces in the simple elements according to the Eq. (2) but with a minimum limit of the cross section. Reduction in cross-sectional area of each truss element during iterations is limited to the minimum value determined indirectly through a predefined minimum force that the element can carry. Analyses have shown that it is sufficient to adopt the minimum force that a truss element can transfer to the value of 0,1 ‰ of the absolute maximum force value which might appear in the elements of the zero analysis iteration. This value was recommended by the authors of this paper .
Analysis of a member with discrete topological optimization according to the stiffness of individual elements of the truss system is described in [10, 11, 12, 13, 14, 15] . In the design of reinforced concrete members, the least amount of reinforcement is one of the most common optimization conditions. Based on these facts, stiffness of individual elements, i.e. simple elements, of the model is determined by the expression, Eq. (1), according to [13] and [14] :
where: β i -is the reduction factor which depends on the required ("desired") reinforcement layout in the member (values range from 0 to 1) ; N i,j−1 -is the force in the i This approach involves an iterative calculation in which the re-stiffness calculation of individual elements is performed at each step, based on the analysis results from the previous step.
Discrete optimization procedure, proposed in the paper, uses the correction of axial stiffness of the cross section of simple elements (EA), depending on the nature and intensity of stress. The stiffness element changing is made indirectly through changes in the cross-sectional area. The cross-sectional area of individual elements, the simple truss elements, is determined with the expression according to [14] , modified by the authors of this paper:
where parameters from Eq. (2) have the same meaning as in Eq. (1). The modulus of elasticity of individual truss elements shall be adopted depending on the nature of the axial force (pressure -concrete or tension -steel). The analysis is carried out iteratively. In the zero iteration a network of finite elements (truss element) is created with boundary conditions (support nodes in the system) and the external loads (concentrated forces in the nodes of the system). The considered domain is modeled by the mentioned network. All model elements have the same mechanical and geometrical characteristics of the cross sections. The axial forces in the elements are determined on the established model. Based on the character of the axial forces (pressure or tension), the area of the cross sections is determined for all the elements according to the Eq. (2), which specifies the corresponding modulus for each simple element individually (pressure -concrete or tension -steel). In this way, the model is formed for the next iteration. For each successive iteration, the model that is used is obtained based on the correction of axial stiffness of the cross section of truss elements carried on the character and intensity of the axial forces in the elements from the previous iteration. The convergence of the calculations is determined in the numerical sense by the change in the estimated stiffness of the system between two adjacent calculation iterations. Assessment of model stiffness at the end of each iteration is defined as the product of the values on the main diagonal of the element system stiffness matrix. The change in the estimated model stiffness between two consecutive iterations is determined by the expression:
where: K(K SS ) j−1 -is the estimated stiffness of the system in the j−1 iteration ; K(K SS ) j -is the estimated stiffness of the system in the j iteration.
Value ΔK changes from zero to one, though the iteration tends to 1,0 "from the bottom". The analysis stops at the time of fulfillment of the conditions defined by the following inequality:
where: ε -is the value used to pre-define the difference stating that the system has remained invariable between two adjacent iterations. The recommended value, by the paper authors, of the parameter ε is 1 %. Also, the maximum number of iterations is determined as an additional condition for the termination of the analysis. Calculations show that the value of the maximum number of iterations is sufficient to be limited by the number of truss elements in the system. The shapes of the Strut-andTie models for several examples of reinforced concrete plane members obtained according to the above described proposal method have been shown in [16] .
The concept of "ST method"
Based on the previously described proposal for discrete topology optimization, the program "ST method" has been developed, with the ability to analyze an RC member in the plane. The Flowchart of the adopted optimal design procedure, implemented in the program "ST method", is shown in Fig. 2 . Figure 2 The Flowchart of the adopted procedure
The program is based on a graphical user interface (GUI). On entering, the finite element mesh, boundary conditions and external loads are defined in the program in the form of "FEM", which is shown in Fig. 3 -left. The "FEM" window offers several different options for automatic generation of finite elements of complex contours with or without holes. The option for autogenerating nodes and simple elements (Tab "Automatic Entry") is a substantial time-saver required for the generation of finite elements with respect to models with a small number of nodes that can have a significant number of truss elements, due to the conditions of mutual connection of all nodes in the model. The network can be formed from individual parts or as a whole, where the holes are then "made". Analysis parameters are set in the "Control of Analysis" (see Fig. 3-right) . This window has input fields for β reduction coefficients whose combination values can affect the shape of the Strut-and-Tie model. It is possible to enter five different β coefficients depending on the angle of the inclination of truss elements. In particular, the β value of compressed elements is always 1,whereas tensioned elements at an angle of 0°, 45° and 90°, as well as other tensioned elements, are defined with values from 0 to 1. Also, the important parameters in this form, the values for the convergence of the design ("Variability of the system") and the minimum limits of the crosssectional area of a truss element ("Zero Force"), are defined.
Graphics for model inputs and results of the analysis can be controlled in the "Graphic" window (see Fig. 4 left). There is a possibility to control the presentation of the model, boundary conditions, loads, visual and text node information, truss elements, etc.
The program has the ability to display text input model and the results of the analysis in the "Text Results" window (see Fig. 4-right) . Input and output data can be displayed separately for each recorded iteration of the design with a choice of data types (axial force in the truss element, the reactions of supports, displacements of nodes, stiffness matrix of truss elements). In the "Design" window there is a possibility of determining the required reinforcement of the RC member and the stress control of the model elements (see Fig. 7 ). Based on the adopted input material properties and the automatically determined Strut-and-Tie model, the reinforcement in the layout of the tensioned truss elements is calculated, along with its equivalent reinforcement in horizontal and vertical directions.
Working with "ST method"
Working with the "ST method" can be divided into several main phases that include: input material properties, formation of finite element mesh, analysis, presentation of results and dimensioning of the member. The formation of a finite element mesh is done by using "tools" in the "FEM" form (see Fig. 3-left) . Along with the gradual formation of the model, there is a possibility of its visual presentation. This facilitates the input and control of the network parameters. In the next phase, which is related to the analysis, the first step is to define the control parameters for design in the form of "Control of Analysis" (see Fig. 3-right) . Then, in the second step, the analysis starts. It should be noted that this iterative calculation can be tiresome for more complex models, because in each iteration the new characteristics of the truss elements are set again according to the Eq. (2), which results in the reestablishment of the system stiffness matrix. The newly formed system solves and determines the forces in the truss elements. Because of the characteristic design phases in each iteration, this analysis, which is linear, "reminds" of a non-linear analysis. The results can be shown textually and graphically for each recorded calculated iteration (see Fig. 6 ). Fig. 5-right shows the graphic of an automatically determined Strut-and-Tie model with the forces of truss elements and support reactions. Graphic model inputs as well as results of the analysis can be controlled in the "Graphic" window (see Fig. 4-left) .
The presented Strut-and-Tie model in Fig. 5 -right can be used further on for dimensioning with the use of "tools" defined in the "Design" window (see Fig. 7 ). The window allows determination of required reinforcement in the direction of simple truss tensioned elements and their equivalent horizontal and vertical reinforcement in the member, as well as stress control of the model elements. Comparative analysis for determination of the Strutand-Tie model shapes is also done in the commercial program Ansys v15 (finite element PLANE82). The principle of the commercial program is assigning of the maximum removal percentage material conditions in relation to the initial volume of the member. For example, assigning of 70 % means that 70 % of the material has to be removed in a manner that maximizes the stiffness of the given member and load configuration [17] . In this Chapter the examples were counted in the commercial program with the condition that the maximum permitted material removal from the initial member volume is 80 %.
The first example is a deep reinforced concrete beam with a hole, whose geometrical and mechanical characteristics are shown in Tab. 1. The member is loaded symmetrically with two vertical concentrated forces. The Strut-and-Tie model with the forces in the truss elements and the support reactions is shown in Fig. 8 . The second example is a shear reinforced concrete wall, whose geometrical and mechanical characteristics are shown in Tab. 2, loaded with a horizontal force in the level of the wall top. The Strut-and-Tie model with the forces in the truss elements and the support reactions is shown in Fig. 9 . The third example is a reinforced concrete beam with openings, whose geometrical and mechanical characteristics are shown in Tab. 3. It is loaded with three vertical concentrated forces. The Strut-and-Tie model with the forces in the truss elements and the support reactions is shown in Fig. 10 . The fourth example is a deep RC concrete beam whose geometrical and mechanical characteristics are shown in Tab. 4. It is loaded with vertical force of 5000 kN applied at the end of the overhang. The Strutand-Tie model with the forces in the truss elements and the support reactions is shown in Fig. 11 .
Figs. 8, 9, 10 and 11 show that the Strut-and-Tie models determined by the "ST method" correspond to the shapes obtained by the commercial program. 
Reinforcement amount optimization
The examples presented in Chapter 5.1 are optimized by the reinforcement amount. Applied coefficient β i combinations and Strut-and-Tie model shapes are shown in Tab. 5. The required reinforcement amounts for the self weight are the same for all the analyzed members, independently of applied coefficient β i combinations. In determining the amount of reinforcement, it is assumed that the main rainforcement amount of both side edges of the wall for all the analyzed members is the same.
According to the analysis, the results are presented in Tab. 6 to 9 and Figs. 12 to 15. Percentage difference is done according to the reinforcement amount of Variant 1.
Based on the results presented above, it can be concluded that for the examples 1, 3 and 4, the optimum combination of β i coefficients is Variant 1, according to reinforcement amount and its layout. For the example 2, combination of β i coefficients in Variant 3 provides the optimal solution. Member and Parameters for analysis 
Conclusion
Based on the foregoing analysis, it can be concluded that the proposed method for automatic determination of the Strut-and-Tie models with the discrete topological optimization defined by Eq. (2) to Eq. (4) can be applied to the analysis of reinforced concrete members in a plane. These members are modeled by the system of the truss elements on the condition of a mutual connection of all network nodes. According to this proposal, the program "ST method" has the following main features:
• Automatic obtainig of a Strut-and-Tie model (shape and truss element forces), stress control and determining of the required amount of reinforcement, (see Chapter 5.1).
• The shape of the Strut-and-Tie models can be influenced by reduction of coefficients β i . Their value combinations depend on the required ("desired") reinforcement layout in the member. However, the possibility of β i coefficient changes for tensioned truss elements also represents the limit. This is so since there is always a question of whether the adopted combination of β i coefficients gives the optimal solution according to the required amount of reinforcement. In three out of four analyzed member examples, for the cases 1, 3 and 4, the optimum combination of β i coefficients is Variant 1, according to reinforcement amount and its layout. For the example 2, the combination of β i coefficients in Variant 3 provides the optimal solution. Certainly, the recommended values of β i coefficients, given in Chapter 2, must be followed. In addition, this conclusion can be reached based on the results of member optimization by the minimum amount of reinforcement (see Chapter 5.2).
• Graphical interface for users interacts with the program (defining material properties, formation of finite elements, control of the analysis parameters, graphical and textual presentation of the results and dimensioning).
• Automatic generation of finite element meshes of complex contours with or without holes provides substantial time-savings required for the formation of the model.What should be taken into consideration is the fact that networks with fewer nodes can have a significant number of truss elements due to the conditions of mutual connection of all nodes in the system of truss elements.
• The results of numerical analysis in the program "ST method" show the possibility of practical application of the proposed concept for determination of the Strut-and-Tie models for members of simple and complex geometries, with or without holes.
The results from the Section 5.1 show that the Strutand-Tie models determined by the "ST method" correspond to the shapes obtained by the commercial program. Program "ST method", contrary to the commercial program, works with bar finite elements and automatically calculates the forces in the Strut-and-Tie model elements that are used for dimensioning of reinforced concrete members. The imperfection of both the program and the Strut-and-Tie method itself is that the final model shape cannot be decided on unambiguously, as it requires the assessment of the engineering experience, as shown in the flowchart in Fig. 2 .
Future research will refer to determination of recommended β i coefficients value combinations and network density of finite elements for different types of members, in order to obtain the minimum required amount of reinforcement. Further development of the program "ST method" goes towards expanding the analysis onto three-dimensional models.
